As is well known, a sub-domain method is often used in computational mechanics. The conforming sub-domains, where the sub-domains are not separated nor overlapped each other, are often used, while the nonconforming sub-domains could be employed if needed. In the latter cases, the integrations of the sub-domains may be performed easily by choosing a simple configuration. Then, the meshless method with nonconforming subdomains is considered one of the reasonable choices for the large-scale computational mechanics without the troublesome integration. We have proposed the sub-domain meshless method (SDMM). It is noted that, since the method can employ both the conforming and the nonconforming sub-domains, the integration for the weak form is necessarily accurate and easy by selecting the nonconforming sub-domains with simple configuration. In this paper, in order to solve more difficult issues, the linear elastic cantilever beam problem and the nonlinear problem are analyzed by using the proposed SDMM. The numerical solutions are compared with the exact solutions and the solutions of the collocation method, showing that the relative errors by using the SDMM are smaller than those by using the collocation method and that the proposed method possesses a good convergence.
Introduction
Many meshless methods have been published. The early representatives of these methods are the diffuse element method (Nayroles, et al., 1992) , the element free Galerkin method (Belytschko, et al., 1994) , the reproducing kernel particle method (Liu, et al., 1995) , the finite point method (Oñate, et al., 1996) , the hp-clouds method (Duarte and Oden, 1996) , the partition of unity method (Melenk and Babuska, 1996) , the meshless local Petrov-Galerkin (MLPG) approach , and the local boundary integral equation method . In the meshless techniques, complicated non-polynomial interpolation functions are often used, which renders the integration of the weak form rather difficult. Failure to perform the integration accurately results in loss of accuracy. Chen et al. have proposed some integration methods called the stabilized conforming nodal integration (SCNI) (Chen, et al., 2001 ) and the variation consistency (VC) integration to recover the Galerkin orthogonality in the meshless methods, showing the applicability of the Galerkin meshless method using the SCNI or the VC to some problems of the computational mechanics. In the former, the conforming (not separated nor overlapped) integration is used, which is troublesome for irregular nodal distribution and is known to require much computer time. Then, an accurate and easy integration technique is desired for the meshless methods of the weak form. Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej. On the other hand, a lot of the methods with the collocation in the strong form have been proposed in the literature. Oñate et al. (Oñate, et al., 1996) have proposed a finite point method based on weighted least squares interpolations. Jin et al. (Jin, et al., 2004) have shown the robustness of collocation meshless methods can be improved by ensuring that the positivity conditions are satisfied when constructing approximation functions and their derivatives. Atluri et al. (Atluri, et al., 2006) have presented a MLPG mixed collocation method by using the Dirac delta function as the test function in the MLPG method. Chen et al. (Chen, et al., 2009 ) have proposed subdomain radial basis collocation method. Chi et al. (Chi, et al., 2013) have proposed gradient reproducing kernel collocation method. Meanwhile, the methods with the collocation in the strong form have no issues of the integration scheme, since the integrations are not needed. It has been known, however, that the collocation methods (CM) have issues of violation of the positivity conditions that the violation of the positivity conditions may result in a large error in the numerical solution (Patankar, 1980) , (Demkowicz, et al., 1984) , (Jin, et al., 2004) . The positivity conditions are some inequalities on the shape function and its second-order derivatives. To improve the robustness of the CM, Jin et al. (Jin, et al., 2004) have proposed techniques, based on modification of weighting functions, to ensure satisfaction of positivity conditions when using a scattered set of points. For boundary points, however, the positivity conditions cannot be satisfied, obviously. To overcome the demerit of CM, the over-range collocation method (ORCM) has been proposed (Guo, 2011) . In ORCM, some over-range collocation points are introduced which are located outside of the body to be analyzed. Some boundary value problems including the Poisson's equation, the linear elastic cantilever beam (Guo, 2011) , and the nonlinear partial differential equations (Guo, et al., 2013) have been analyzed by using the ORCM, showing that the method works well for these boundary value problems. Also, it has been shown that the positivity conditions of the boundary points in the method are satisfied by the employment of the over-range points (Guo, et al., 2014) .
In order to get an accurate and easy integration technique for the meshless methods of the weak form, the present authors have proposed the sub-domain meshless method (SDMM). As is well known, the subdomain method, in which the problems are solved by dividing a domain to be solved into multiple sub-domains, is popular in computational mechanics. The conforming sub-domains, where the sub-domains are not separated nor overlapped each other, are usually used. However, since the SDMM can employ both the conforming and the nonconforming sub-domains, it is possible to use nonconforming sub-domains of simple configuration (for example, square or hexahedron ones), making the integration at the sub-domain very simple. Since the nonconforming sub-domains can be chosen as arbitrary simple configurations making the integration easy, this is one of the advantages of the SDMM. The nonconforming (separated or overlapped) sub-domains for integration with square configuration are shown in Figure 1 . However, on the boundary of the analysis domain with a complicated shape, it is difficult to select a sub-domain of simple configuration. To overcome this problem, we apply the collocation approach to the nodes on the boundary, then no integration is needed for the nodes on the boundary. In addition, in order to satisfy the positivity conditions for the boundary nodes, the overrange points (Guo, 2011) are added. The mixed boundary value problems about the Poisson equation and the Helmholtz equation have been analyzed by using the SDMM .
As is well known, nonlinear problems are difficult problems of the computational mechanics. In addition, the linear elastic cantilever beam problem should also be used for checking the accuracy and performance of a new meshless method. In this paper, the boundary value problems including these above-mentioned challenge issues are analyzed by using the SDMM, which are compared with the exact solutions and the solutions of the CM. The CM used in this study is the classical collocation method, in which no over-range point is used. i sub-domain of node i Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221]
Formulation of the SDMM 2.1 Governing equations of the SDMM
Let us consider a scalar boundary value problem defined as follows:
with boundary conditions
to be satisfied in a domain with boundary = ∪ , where D and T are appropriate differential operators, u is the problem unknown function, b and t are external forces or sources acting over and along , respectively, is the assigned value of u over .
Here, let us assume that the ith sub-domain for integration is . On the other hand, we assume a sub-domain for interpolation , which is the neighborhood of a point 1 in the domain. The distinction of the two kinds of sub-domain ( and ) is shown in Figure 2 . Then, we assume an approximation ℎ of u over defined by:
Fig. 2 Sub-domain for integration and that for interpolation .
where ̂ may be defined as
Then, we may use the method of weighted residuals for 1 , 2 and 3 with the nonconforming sub-domains, and n is the number of nodes randomly located in the sub-domain . ( ) is the shape function. Substituting Equation (4) into Equations (1)- (3) at each sub-domain , the following residuals 1 , 2 and 3 are obtained:
Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] assuming , , and to be the number of the nonconforming sub-domains for integration , that of the collocation points on , and that of the collocation points on , respectively. Then, nonconforming sub-domains for integration of number may be selected in , which are of simple configuration, for example a square for the 2D problems or a hexahedron for the 3D problems.
The weight functions for 1 can be chosen as 1 in each sub-domain and 0 otherwise. The collocation points of number and of number are selected on and , respectively. The weight functions for 2 and 3 may be chosen as the Dirac delta function. Then, the following equations are obtained:
If we assume to be simple-shaped and nonconforming, the integration on may be very easy. On the other hand, as shown in Equations (10) and (11), the collocation approach is applied to and to overcome a difficulty of selecting a simple-shaped sub-domain at boundary points of the domain with complex shape. Also, some over-range collocation points are introduced so that the positivity conditions are satisfied for and . Let us assume that the number of over-range points is , then the number of unknown variables is + + + for a scalar problem. To have the same number of the equations with that of the unknown variables, we use the following equations at and :
Equations (9)- (13) are the governing equations of the present SDMM. Because the number of equations of the SDMM is + 2( + ) for the scalar problem, we obtain that the number of the over-range points must be equal to the number of boundary points + . It is noted that the over-range points are used only for the interpolation at boundary points and neither satisfaction of any governing equation nor that of boundary condition is needed there.
The integration calculations of Equation (9) are performed at each sub-domain for integration . The calculations of Equations (10) to (13) are performed using the ORCM.
In the ORCM, some over-range points are introduced which are located at outside of . At the over-range points, no satisfaction of any governing partial differential equation or boundary condition is needed, so that the over-range points are not used in physics sense. While the over-range points can be used in interpolating calculation for points and , which is performed using modified weighted least-square (MWLS) (see Section 2.2) at of points or .
Modified weighted least-square (MWLS) approximation
In order to impose the essential node condition, the modified weighted least-square (MWLS) approximation (Rajendran and Zhang, 2007) is employed in this work, which is discussed as follows. Over a number of randomly located nodes { }, = 1, 2, •••, , in , the approximation ℎ of u can be written as:
where
is a complete monomial basis of order m, which is a function of the space
is a vector of unknown polynomial coefficients as:
For a 3-D problem, we have:
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which is a quadratic basis, and m=10. A weighted least-square solution for is obtained from the following system of n equations with the number of unknown being m (n is larger than m):
is a vector of the nodal MWLS approximation of function u, and
The classical least-square solution of the above over-constrained system does not guarantee the full satisfaction of any of the equations of Equation (17). Non-satisfaction of the first equation would then mean 1 ℎ ≠ ( 1 ) . To avoid this, we let the first equation (corresponding to the central node 1 in ) out of the n equations of Equation (17), be satisfied exactly and the rest in the least-square sense. This is done by using the first equation to eliminate 1 from the rest of the equations as: 
Substituting 1 into Equation (17), the reduced system of equations can be obtained:
Therefore, ̅ becomes as follows: 
The coefficient vector ̅ is determined by minimizing a weighted discrete 2 norm, defined as:
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̅ =̂−̂1, = 2, 3, ⋯ ,
where ̂, = 1, 2, ⋯ , , are the approximate nodal values of the function u. Minimizing J in Equation (25) with respect to ̅ yields:
Substituting Equation (29) into Equation (21) gives a relation:
Equation (14) can be rewritten as:
where ( ) is a quadratic base represented by the following equation:
In addition, Equation (20) can be rewritten as follows:
where ( 1 ) is obtained from Equation (34) as:
Substituting Equations (35) and (29) into Equation (33), the following equation yields:
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Thus, from Equation (37) ℎ ( ) and 1 ℎ will have the following relationship:
In order to make ̂1 = ℎ ( 1 ) = 1 ℎ , let us define ̂1 as ̂1 = 1 ℎ , then from Equation (37):
where ̂′ = [̂2̂3 ⋯̂] , and 1 is a vector of dimension (n-1) with all the entries being equal to unity. ( ) in Equation (4) may be written as:
This is the shape function vector of 1 × n. Using ( 1 ) = 0 in Equation (42), the following property of ( ) is established:
which means that the shape function for node 1 takes a value of unity and the others zero. Therefore, Equation (42) is the shape functions of the MWLS approximation with Equation (43). The interpolation calculations are performed using the MWLS at each sub-domain for interpolation .
Numerical implementation 3.1 The linear elastic cantilever beam problem
The linear elastic cantilever beam problem with a parabolic-shear end load P (see Figure 3 ) is analyzed by using the SDMM, and their numerical solutions are compared with the exact solutions to illustrate the implementation and convergence of the SDMM.
The displacement and energy norms, ‖ ‖ and ‖ ‖ are calculated. These norms are defined as The relative errors for ‖ ‖ and ‖ ‖ are, respectively, defined as:
where and are numerical solutions, respectively, and and are the exact solutions, respectively. The results from the SDMM are studied for the linear elastic cantilever beam problem, for which the following exact solution is given as Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] Fig. 3 The linear elastic cantilever beam with a parabolic-shear end load. where E is the elastic modulus, ν is Poisson's ratio, L is the length of the beam, and D is the cross-section height of the beam.
The stress corresponding to Equations (48) and (49) are
The problem is solved for the plane stress case with P=1, E=1, D=10, L=30, ν=0.25 is used. Regular (taking the same nodal interval h) nodal models of h=5/3 (197(21×9+8) (Kd=17×5，Ke+Kn=Ko=56) nodes) (see Figure 4) , h=5/4 (305(27×11+8) (Kd=23×7 ， Ke+Kn=Ko=72) nodes) and h=1 (437(33×13+8) (Kd=29×9 ， Ke+Kn=Ko=88) nodes) are, respectively, used to study the convergence with the nodal model refinement, where +8 means that 8 nodes are added on near to the 4 corners of , to satisfy the relationship: = + . Fig. 4 The regular nodal distribution of 197(21×9+8) nodes model.
The sub-domain is chosen as a square configuration in this paper. Let 2 is the area of a square sub-domain , and = ℎ where 0 < < 2. For the regular nodal models, = 1 means that are conforming, < 1 separated and > 1 overlapped sub-domains, respectively.
Because the quadratic basis (see Equation (16) integration of Equation (9) for the linear elastic cantilever beam problem is accurate. In the linear elastic cantilever beam problem, the conforming sub-domains ( = 1) (see Figure 4 ) are used. The relative errors and by using the SDMM and the CM are shown in Figures 5 and 6 , respectively, showing that the relative errors of both and by using the SDMM are smaller than those by using the CM, and the relative errors of both and become smaller with the decrease of the nodal interval h. These figures show that the SDMM works quite well.
Fig. 5 Relative errors
and convergence for SDMM and CM using regular nodal models. Fig. 6 Relative errors and convergence for SDMM and CM using regular nodal models.
In the linear elastic cantilever beam problem, irregular nodal models of 197 nodes, 305 nodes and 437 nodes are also used, respectively. In these calculations, values of c, which are the same as the values of c used in the regular nodal models, are used in the irregular nodal models, respectively. While for the irregular nodal models, it means that are nonconforming. The irregular nodal distribution (not including the over-range points) of 437 nodes model is shown in Figure 7 . Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] Fig. 7 The irregular nodal distribution (not including the over-range points) of 437 nodes model. Figure 8 shows values of u of the linear elastic cantilever beam problem at x=0.5L by regular and irregular nodal models of 197 nodes. Figures 9 and 10 show values of 11 and 12 at x=0.5L by regular and irregular nodal models of 197 nodes, respectively. Figure 11 shows values of u of the linear elastic cantilever beam problem at x=0.5L by regular and irregular nodal models of 437 nodes. Figures 12 and 13 show values of 11 and 12 at x=0.5L by regular and irregular nodal models of 437 nodes, respectively. 
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X=15 Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] Fig. 12 Values of 11 at x=0.5L by regular and irregular nodal models of 437 nodes. Fig. 13 Values of 12 at x=0.5L by regular and irregular nodal models of 437 nodes.
It can be seen from these figures that some accurate results for the displacements and the stresses are obtained by using the SDMM with both regular and irregular nodal models.
The nonlinear problem
For the purpose of error estimation and convergence studies, the Sobolev norm ‖ ‖ 0 of function u is calculated. The norm for 2D problems is defined as:
In addition, the Sobolev norm ‖ ‖ 0 of the first-order derivative vector of u for 2D problems is defined as:
X=15
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and ‖ ‖ 0 is also calculated for the purpose of error estimation and convergence studies. The relative errors for ‖ ‖ 0 and ‖ ‖ 0 are, respectively, defined as:
where and are numerical solutions, respectively, and and are the exact solutions, respectively.
Numerical solutions of a 2D nonlinear equation 
are obtained over a 0.10.1 square domain of (0, 0)(0.1, 0.1) by using the SDMM and the CM. Substituting Equation (59) into Equation (9), we have the following equation:
Because the quadratic basis (see Equation (16)) is used in this paper, ( ) is a quadric function of , and 2 ( ( )) is a constant vector. is chosen as a square configuration in this paper, then, we have:
where 2 is the area of a square sub-domain . The terms of the right-hand side of Equation (60) can be calculated by analytically over easily. A mixed problem, the essential boundary condition is imposed at nodes on left and right boundaries and the natural boundary condition is prescribed at nodes on top and bottom boundaries, is solved. Regular nodal models of h=1/80 (129(=11×11+8), ( =7×7, + = =40) nodes), h=1/120 (233(=15×15+8) (see Figure 14) , ( =11×11, + = =56) nodes) and h=1/160 (369(=19×19+8), ( =15×15, + = =72) nodes) are, respectively, used to study the convergence with the nodal model refinement. 
Because
in Equation (59) is the coefficient of nonlinear term 2 of Equation (59), the value of affects the nonconforming (overlapped) sub-domains (k=1.3) Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] nonlinearity of the nonlinear problem, and the nonlinearity of the problem becomes strong as the value of becomes large. In order to solve the challenge issue of strong nonlinear problems, six kinds of which are = 0.1, = 1, = 10, = 100, = 200 and = 300 are used.
To find optimal values of of the sub-domain , the model of = 0.1 and h=1/160 is first calculated by using the SDMM. The results of relative errors of 0 and of this model is shown in Figure 15 with = ℎ and 0 < < 2 , in which, = 1 means that are conforming, < 1 separated and > 1 overlapped sub-domains, respectively. Figure 15 shows that the most accurate results are given at the neighborhood of = 1.3 (overlapped). Therefore, the nonconforming (overlapped ( = 1.3) ) sub-domains of square configuration (see Figure 14) would be used in all models of the nonlinear problem in this paper. Fig. 15 Changes of 0 and with of = 0.1 and h=1/160 using the SDMM.
The relative errors 0 and for = 0.1 by using the SDMM and the CM are shown in Figures 16 and 17 , respectively, showing that the relative errors of both 0 and by using the SDMM are smaller than those by using the CM, and the relative errors of both 0 and become smaller with the decrease of the nodal interval h. The relative errors 0 and for = 1 by using the SDMM and the CM are shown in Figures 18 and 19 , respectively. It is seen from the figures that the relative errors of both 0 and with = 1 by using the SDMM are also smaller than those by using the CM, and all the solutions above become smaller with the decrease of the nodal interval h. Fig. 16 Relative errors 0 and convergence of = 0.1 for SDMM and CM using regular nodal models. Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] ε=1.0 Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] The relative errors 0 and for all values of by using the SDMM are shown in Figures 20 and 21 , respectively. It can be seen from these figures that although the error levels become higher with the increase of in general, the error levels using = 0.1, = 1 and = 10 are rather low, those using = 100, = 200 and = 300 are also lower, and the relative errors of both 0 and using all values of become smaller with the decrease of the nodal interval h. Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] Fig. 21 The relative errors for all values of by using the SDMM.
Finally, an irregular nodal model of 129 ( =49, + = =40) nodes (see Figure 22) is tested, where the value of of the sub-domain is taken as =0.01625 for each sub-domain for integrating, so that the sub-domains are nonconforming. Fig. 22 The irregular nodal distribution (not including the over-range points) used in the nonlinear problem.
The function u and the first-order derivatives of the exact solution and the calculated ones using the SDMM for the regular nodal model and the irregular nodal model of 129 nodes are compared in Figures 23, 24 and 25, respectively. From these figures, it is seen that the present results by using the regular nodal model as well as the irregular nodal model are excellent. Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] X=0.05 nonlinear problem Guo, Yagawa, Hamada, Kawakubo and Kamitani, Mechanical Engineering Journal, Vol.4, No.6 (2017) [DOI: 10.1299/mej.17-00221] 
